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Synopsis

The effects of temperature, molecular weight and its distribution, side chain branching, and
the structure of polymers on the elastic behavior of bulk homopolymers were investigated, by
using logarithmic plots of first normal stress difference (V,) against shear stress (o;;) and
logarithmic plots of storage modulus (G’) against loss modulus (G"). For the investigation, we
have used data from the literature as well as our recent experimental results, covering a very
wide range of temperature and shear stress or loss modulus. It has been found that such plots
are very weakly sensitive to (or virtually independent of) temperature and to the molecular
weight of high molecular weight polymers, but strongly dependent upon the molecular weight
distribution and the degree of side chain branching. A theoretical interpretation of the observed
correlations is presented, using molecular theories.

INTRODUCTION

During the past three decades numerous investigators have measured
the viscoelastic properties of polymeric liquids, using a variety of experi-
mental techniques. Recent monographs!-3 describe both the theoretical
backgrounds and the experimental techniques of the rheological measure-
ments. Among the techniques, the one measuring steady and/or oscillatory
shear flow properties has been used most extensively. This is primarily due
to the fact that the kinematics associated with a shearing flow field is rather
simple, and consequently an interpretation of experimental data is straight-
forward.

In steady shear flow, the variables that one usually measures are the
shear rate (), the shear stress (o ;;) [or the shear viscosity (n)], the first
normal stress difference (N;), and sometimes the second normal stress dif-
ference (N,). In oscillatory shear flow, one measures the frequency (w), the
storage modulus (G'), and the loss modulus (G") [or the dynamic viscosity
(n")). The theoretical background of the methods for calculating various
quantities of rheological interest are well documented in the literature.!-3

Let us consider a cone-and-plate rheometer or concentric cylinder rheo-
meter. In interpreting rheological data obtained from an instrument having
this flow geometry, one usually plots NV, and oy, (or m) against ¥, and G’
and G" (or 1) against  and discusses the effects of, for instance, molecular
weight and structure of polymers on their rheological properties (namely,
o1, Ny, G, and G"). In the past, some attempts*-® were made to relate
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to n', and N, to G' of polymeric liquids by shifting the scale of y. Also,
a phenomenological theory’ was developed to relate steady shear flow
measurements to oscillatory shear flow measurements at low values of ¥
and o.

Starting about a decade ago, Han and co-workers®-? have shown that
the use of logarithmic plots of N, vs. oy, (instead of N; vs. ¥) gives rise to
correlations which become virtually independent of temperature. They have
shown that such plots may be useful for investigating the effects on the
elastic behavior of polymers of their molecular weight distribution, their
degree of long-chain branching, and their structure.3151619-2! Furthermore,
they have used such plots to interpret the rheological behavior of two-phase
polymer blends®11-13.1822-24 gnd interfacial instability occurring in stratified
two-phase flow (i.e., coextrusion). 1013141718 More recently, White and co-
worker?-% also began to use logarithmic plots of N, vs. o,, to interpret
their rheological measurements of homopolymers and polymer blends.

Oscillatory shear flow data have long been used for the rheological in-
vestigation of polymeric liquids. During the past decades, substantial
amounts of oscillatory shear flow data have become available in the
literature®-4 for bulk polymers (namely, thermoplastic melts and elasto-
mers). All this literature data was presented in terms of G' and/or G vs.
w, often using the reduced variable wa 7, in which a is a shift factor that
varies with temperature.?

Recently, Han and co-workers!%222¢ have shown that the use of logarith-
mic plots of G’ vs. G" (instead of G’ vs. w) for a variety of polymer melts
gives rise to correlations that are virtually independent of temperature and
that such plots are very useful for interpreting the rheological behavior of
compatible and incompatible polymer blends, in a manner exactly the same
as in the use of logarithmic plots of N, vs. o,,. Apparently inspired by the
Cole-Cole plot,* Harrell and Nakajima“® also used logarithmic plots of G’
vs. G" to interpret the effects of the degree of long-chain branching of
ethylene—propylene copolymers on their rheological behavior.

In this paper we will present the published data on oscillatory shear flow
for a variety of homopolymers, together with our more recent data, using
plots of log G’ vs. log G and then compare, where possible, the correlations
of log G’ vs. log G" with the correlations of log N, vs. log o,,, with emphasis
on the effects of temperature, molecular weight, molecular weight distri-
bution, and the degree of long-chain branching on the elastic behavior of
bulk polymers. Finally we will present a theoretical interpretation of log
G'-log G" (and log N, -log o ;) correlations, using molecular theories.

EXPERIMENTAL CORRELATIONS

We will first present experimental correlations between log G' and log
G", using the literature data of oscillatory shear flow for bulk polymers
that have narrow molecular weight distribution and then, present corre-
lations between log N, and log o,, and between log G’ and log G, using

* Cole and Cole*! used the ordinary coordinate system to plot the real part (€') of the complex
dielectric constant on the abscissa against imaginary part (¢”) on the ordinate, for a number
of polar materials at various temperatures. Other investigators>-# also used the Cole—Cole
plot to interpret the dynamic mechanical properties of polymeric materials in the solid state.



STRESS DIFFERENCE AND STORAGE MODULUS 3811

our own recent data of steady and oscillatory shear flows for commercial
polymers that have broad molecular weight distribution. When presenting
the literature data, we will use the symbols and notations that appeared
“in the original papers.

It should be mentioned that the rheological data that will be presented
below were obtained with either a cone-and-plate rheometer or a concentric
cylinder rheometer. Note that the use of the rotational instrument for
polymeric melts is limited to low shear rates. The range lies below 10 s™!
for most commercially available molten polymers, although the exact upper
limit of operable shear rate may vary from material to material. In oscil-
latory shear flow, values of G’ and G" were measured as a function of o,
and in steady shear flow, values of N, and o, as a function of y. The basic
principles and the mathematical formulas used in the analyses of the ex-
perimental data are well documented in the literature,’-* and therefore,
in order to save space, we shall not repeat it here.

Linear Homopolymers with Narrow Molecualr Weight Distribution

Figure 1 gives plots of log G’ and log G vs. log  for linear polybutadiene
(PB) at 24.5°C, as obtained by Rochefort et al.?® and Table I gives data on
the molecular characteristics of the polymer samples. Note that the mo-
lecular weight distribution (MWD) (i.e., M, /M, ratio) of these materials is
1.05, in which M, is the weight-average molecular weight and M, is the
number-average molecular weight. Figure 2 gives log G'-log G" plots for
the linear PB’s, using the data displayed in Figure 1. It is seen in Figure
2 that the log G'-log G" plot gives a correlation only slightly sensitive to
the molecular weight of the polymer samples tested, in the region where
log G’ and log G" follow a linear relationship. It is of interest to note in
Figure 2 that, at a given value of G", G’ has dual values for the high
molecular-weight PB samples (347L and 813L). This is due to the fact that,
as may be seen in Figure 1, G" goes through a maximum while G’ ap-
proaches a constant value as the frequency (w) is increased.

Figure 3 shows the effect of temperature when log G’ and log G" are
plotted against log w, for the linear polybutadiene PB—813L. The numerical
data used in Figure 3 were supplied to us by Dr. W. W. Graessley at Exxon
Research Engineering Co. Figure 4 gives log G'-log G'" plots for the PB-
813L, with the same data used in Figure 3. It is seen that the temperature
effect is virtually eliminated in the region where log G’ and log G" follow
a linear relationship.

Figure 5 gives plots of log G’ and log G vs. log wa r for anionic polysty-
renes (PS) measured over a wide range of frequency and temperature by
Onogi et al.32 Note in Figure 5 that the data taken at various temperatures
were reduced by using a shift factor a ; (i.e., by use of the time-temperature
superposition principle). Table II gives data on the molecular characteristics
of the PS samples. Figure 6 gives log G'-log G" plots for the anionic PSs,
using the data displayed in Figure 5. It is seen in Figure 6 that the log G'-
log G" plots become virtually independent of molecular weight of the poly-
mer samples tested. Note in Table II that sample L18 has a molecular weight
about 20 times as large as that of sample L14, and yet the M, /M, ratio
of the two samples is roughly the same, i.e., M,/M, < 1.20.
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Fig. 1. log G’ and log G" vs. log o for linear polybutadienes at 24.5°C.%

Effect of Molecular Weight Distribution

Figure 7 gives plots of log G’ and log G" vs. log wa r for anionic poly(methyl
methacrylate) (PMMA) measured over a wide range of frequency and tem-
perature by Masuda et al.,3* and Table III gives data on the molecular
characteristics of the PMMA samples. Figure 8 gives log G'-log G" plots
for the anionic PMMA samples, using the data displayed in Figure 7. Note
that these plots exhibit a mild dependence on MWD (i.e., M,,/M, ratio) of
the PMMA samples tested (see Table III). The effect of MWD on log G'-
log G plots can clearly be illustrated from the following PS samples.

Figure 9 gives plots of log G' and log G" vs. log wa r, and Table IV data
on the molecular characteristics for anionic PSs measured over a wide range
of frequency and temperature by Masuda et al.3® Figure 10 gives log G'-
log G" plots for the anionic PSs, using the data displayed in Figure 9. It
is seen in Figure 10 that sample PS7, having a broader MWD (M ,/M, =
1.84), has greater values of G’ than sample L15, which has a narrower
MWD M,/M, = 1.13).
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TABLE I
Molecular Characteristics Data for Linear and Star-Branched Polybutadienes at 24.5°C 38

5)
Sample M s X 1078 (M Dos X 1070 (M e X 1072 M,/ cre (1) sz
Linear PB

36L — — 35.8 1.05 0.591

57L —_ — 56.7 1.05 0.835

7L - 7338 714 7.4 1.05 1.05
146L 141 — 146 1.05 1.70
177L 174 — 177 1.05 1.96
203L 199 196 203 1.05 2.17
347L 365 295 347 1.05 3.25
813L 791 700 813 1.05 6.15

Four-Star PB

4254 24 25.5 42.3 1.08 0.401

8884 84.5 80.3 87.5 1.09 0.935
17354 _ —_— 173 1.14 1.30
21784 259 164 217 1.24 1.51

LS = light scattering weight-average molecular weight; OS = membrane osmometer num-
ber-average molecular weight; GPC = gel permeation chromatography; and THF = tetrah-
ydrofuran.
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Fig. 2. log G’ vs. log G" for linear polybutadienes, which are the same materials as in
Figure 1: (®) 36L; (A 77L; (1) 146L; (V) 347L; (®) 813L.
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Fig. 4. log G’ vs. log G" for the linear polybutadiene PB-813L at three different temper-
atures. Symbols are the same as in Figure 3.
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Fig. 5. log G’ and log G" vs. log wa r for polystyrenes. The reference temperature is 160°C.32

Effect of Side Chain Branching

Figure 11 gives plots of log G' and log G" vs. log wa r, and Table I gives
data on the molecular characteristics, for four-star branched polybutadienes
measured over a wide range of frequency and temperature by Rochefort et
al.®® Figure 12 shows the effect of temperatue when log G’ and log G" are
plotted against log w for the branched polybutadiene PB-217S4, used in
Figure 11. Figure 13 gives log G’'-log G" plots for the four-star branched
PBs, using the data displayed in Figure 11. The numerical data used in
Figures 12 and 13 were supplied to us by Dr. W. W. Graessley. It is important

TABLE II
Molecular Characteristics Data for Polystyrenes3
Sample code —M_,. x 1078 ﬁw x 103 17,,,/?,.
L14 24.3 29 1.20
L16 52.3 59 1.13
127 164 185 113
L22 288 318 1.10

L18 563 616 1.09
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Fig. 6. log G' vs. log G" for linear polystyrenes, which are the same materials as in Figure
5: () L14; (V) L16; (&) L27; () L22; (©) L18.

to notice that the plots given in Figure 13 are virtually independent of
temperature. It should be pointed out that such observation has been re-
ported with commercial polymers by Han and co-workers. 192224

It is seen in Figure 13 that the value of G’ become greater as the MWD
is broadened. A close examination of Table I reveals that the MWD of the
branched PBs is much more sensitive to an increase in molecular weight
than that of the linear PBs. In other words, an introduction of star branching
to linear PBs appears to have broadened their MWD. Moreover, a com-
parison of Figure 13 with Figure 2 reveals that the values of G’ for the
star-branched PBs are considerably greater than those for the linear PBs.

Figures 14 and 15 give log G’'-log G" plots for four-arm and six-arm star
polystyrenes, respectively, measured over a wide range of frequency and
temperature by Graessley and Roovers.® These plots are prepared with the
numerical data received from Dr. J. Roovers at the National Research
Council of Canada, and Table V gives data on the molecular characteristics
of the star-branched PSs. It is clear from Figures 14 and 15 that G' increases
with increase in weight-average molecular weight (M ). Judging from the
molecular characteristics data for star-branched PBs given in Table I, we
can surmise that the M, /M, ratio for the star-branched PSs given in Table
V also increases with M, and therefore we can conclude that the observed
increase in G' given in Figures 14 and 15 is attributable in part to the
increase in the M /M, ratio, i.e., the broadening of the MWD.

Commercial Polymers

Figure 16 gives MWD curves for three different grades of commercial
low-density polyethylene (LDPE), and Table VI gives data on the molecular
characteristics of the LDPEs. Note in Table VI that the degree of long-
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Fig. 7. log G’ and log G" vs. log war for poly(methyl methacrylate)s. The reference tem-
perature is 220°C. %

chain branching (LCB) increases with increase in M,,/M, ratio. Figure 17
gives plots of log N, vs. log ¥, and log G’ versus log o, for LDPE-A at three
temperatures, 180, 200, and 220°C. Similar plots are given in Figure 18 for
LDPE-B and in Figure 19 for LDPE-C. It is seen, in Figures 17-19, that
both N, and G’ decrease as the temperature increases. However, log N, -

TABLE III
Molecular Characteristics Data for Poly(methyl Methacrylate)s3
Sample M, x 1073 M, x 1073 M, /M,
MF2 342 224 1.63
MF3 270 118 1.44
"MF5 197 146 1.35
MF6 158 139 1.14
MF7 116 98.0 1.18
MF8 96.3 71.8 1.34
MF9 63.9 52.8 1.21
MF10 45.2 371 1.22
MF11 35.1 25.3 1.39
MF12 28.4 18.0 1.58

MF13 114 9.1 1.35
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Fig. 8. log G’ vs. log G" for poly(methyl methacrylate)s, which are the same materials as
in Figure 7: (O) MF2; (A) MF6; () MF9; (V) MF12; (©O) MF13.
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TABLE IV
Molecular Characteristics Data for Polystyrenes®
Sample M, x 1073 M, x 1073 M,M,
L15 229 203 1.13
PS7 313 170 1.84

log o1, and log G'-log G plots, respectively, give rise to correlations that
become virtually independent of temperature, as shown in Figures 20-22.
Similar observations have been made by Han and co-workers. 10.1214.1517-23

Figure 23 displays the effect of the degree of LCB on log N, -log o, and
log G'-log G" plots. It is seen in Figure 23 that LDPE-A, with the highest
degree of LCB of the three LDPEs, exhibits the largest values of N; and
G'. This observation is consistent with the observation made on the star-
branched PBs (see Fig. 13) and the star-branched PSs (see Figs. 14 and 15).
It can be concluded therefore that the greater the degree of side-chain
branching, the larger the values of N; in the log N,-log o, plots and of
G’ in the log G’'-log G" plots.

THEORETICAL INTERPRETATION

We will now give a theoretical interpretation of the experimental cor-
relations presented above. It is a well-accepted fact today that the first
normal stress differnce N, in steady shear flow and the storage modulus
G’ in oscillatory shear flow may be considered as the amount of energy
stored in a viscoelastic liquid. Also, the shear stress o, in steady shear

tog G (N/m?)

log G* (N/m2)

Fig. 10. log G’ vs. log G" for polystyrenes, which are the same materials as in Figure 9:
(© L15; (@) PST.
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Fig. 11. log G' and log G" vs. log wa ; for four-star branched polybutadienes. The reference
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Fig. 12. log G’ and log G" vs. log w for the four-star branched polybutadiene PB-217S4 at
three different temperatures (°C): (O) 24.5; (A) 50; (() 75.
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Fig. 13. log G’ vs. log G" for four-star branched polybutadienes, which are the same ma-

terials as in Figure 11: (a) 17354 at 24.5°C (0) and 50°C ({W); (b) 8854 at 24.5°C (&) and 50°C
(A); (c) 21754 at 24.5°C (D), 50°C (@), and 75°C (®).
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Fig. 14. log G* vs. log G” for four-arm polystyrenes: (O) S1214; (A) S111A; (1) S161A;
(V) S181A. The reference temperature is 170°C.%
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tog G (N/m?)

log G* (N/m2)
Fig. 15. log G’ vs. log G" for six-arm polystyrenes: (@) HS061A; (A) HS041A; (D HS111A;
(W¥) HS051A. The reference temperature is 170°C. %

flow and the loss modulus G” in oscillatory shear flow may be considered
as the amount of energy dissipated. Therefore the N,/o , ratio and G'/G"
ratio may be interpreted as the ratio of the energy stored to the energy
dissipated. -

As pointed out by Han and Lem,?® in steady shear flow, one may consider
the shear rate (¥) to be an input variable imposed on the fluid, whereas
both o, and N, are output variables, i.e., responses of the fluid under test.
In other words, the values of ¥ chosen during experiment have nothing to
do with any molecular deformation that occurs, whereas o), represents the
energy dissipated and N, represents the energy stored in the fluid. Simi-

TABLE V

Molecular Characteristics Data for Star-Branched Polystyrenes®

Sample M, x 1078
Four-arm star polystyrene
S121A 93.5
S111A 154
S161A 351
S181A 1027
Six-arm star polystyrene
HS061A 110
HS041A 509
HS111A 591

HS051A 1090
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Fig. 16. Molecular weight distribution curves for three different grades of commercial low-
density polyethylene.

TABLE VI
Molecular characteristics Data for Low-Density Polyetylenes
Sample "M, X 1073 M, x 1078 M,/M, AS
A 201 21.3 943 34
B 143 22.5 6.03 25
C : 110 26.3 4.18 1.6

* Ay represents the long-chain branching frequency, defined as the number-average number
of branch point per 1000 carbon atoms.
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Fig.17. log N, vs. log ¥ (open symbols) and log G’ vs. log w (closed symbosl) for a commercial
grade low-density polyethylene, LDPE-A: (O, @) 180°C; (A, A) 200°C; (I3, W 220°C.
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Fig. 18. log N, vs. log ¥ (open symbols) and log G’ vs. log » (closed symbols) for a commercial
grade low-density polyethylene, LDPE-B: (®, @) 180°C; (A, A) 200°C; (@, W 220°C.
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Fig. 19. log N, vs. log ¥ (open symbols) and log G’ vs. log w (closed symbols) for a commercial
grade low-density polyethylene, LDPE-C: (®, @) 180°C; (A, 4) 200°C; (I, W 220°C.
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Fig. 20. log N, vs. log o, and log G’ vs. log G"" for LDPE-A. Symbols are the same as in
Figure 17.
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larly, in oscillatory shear flow, one may consider the oscillatory frequency
() to be an input variable and, G' and G" are output variables (i.e., re-
sponses) of the fluid under test. With this interpretation of rheological
responses, Han and Lem have suggested that, in order to compare the elastic
behavior of one fluid against others, logarithmic plots of N, vs. o,, and
of G' vs G", be used.

Following the suggestion of Han and Lem and using a simple dimensional
analysis, the output variables G’ and G' in oscillatory shear flow can be
represented in terms of the input variable o by

2= G'/Gy = F ,(wN) o))

and
Gh=G"/Gy = F (0N 2
in which A is a relaxation time of the fluid and G, is a quantity that has

the dimension of stress.
By eliminating wA from egs. (1) and (2), we obtain

= F o)) = F,[F;1 (GR] = F(GP 3

Equation (3) implies that the relationship between G and G'; is inde-
pendent of the characteristic time of the fluid. Note, however, that plots of
G' vs. G'" will depend on the physical parameters of the fluid via G,. If G,
is weakly dependent upon temperature and molecular weight, the rela-
tionship between G’ and G" will become virtually 1ndependent of temper-
ture and molecular weight.

The above statement can be generalized for the system that may be
described by more than one characteristic time. In order to demonstrate
this, let us assume that the system may be described by N relaxation times.
We can, then, represent the output variables G and G'; in oscillatory shear
flow in terms of the input variable o and N relaxation times by

Gr=Fiy(@;A, Az, ..., ApN) @
and
= Fon(w; A, Az, oo, AN) 6]
By using a dimensional analysis, egs. (4) and (5) can be rewritten as
Gr=FM(ohy; 8o, s, - -, L) ®
and

= F (0hy; 82, L3, - - -5 &N )
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where the {,’s are defined by

L, =A,/A, p=23,...,N ®
By eliminating wA, from egs. (6) and (7), we obtain

Gr=FP[FMUGE L2 s Ew Lo - .-, LA) 9

It now becomes very obvious from eq. (9) that G~G'; relationship is in-
dependent of fluid properties if {,’s are independent of the molecular char-
acteristics of the fluid.

So far we have shown a general relationship between G, and G'; in terms
of the relaxation times. In order to interpret the experimental results pre-
sented above, however, we must obtain specific functional representations
for ¥, and ¥, and, also, for F{" and F”, with {,’s and G, as parameters.
Molecular theory should provide such relationships. Realizing the fact that
at present none of the known molecular theories can correctly predict many
of the experimental results, we will use the Doi-Edwards theory%4? to
interpret the experimental results presented above.

In oscillatory shear flow, the Doi-Edwards theory gives the following
expressions:

=2 5 G2 10)

;Epodd;? 1+ (wA))?

and
8 G, A

ok,
II -_—
G w2 p%dd P21+ (wh)? (1)

in which A, is the relaxation time spectrum defined as
A, =Ap/p% p=1,38,5...,N (12)
where A, is the disengagement time defined as
Ap = L2/Dm? 13)

In eq. (13), L is an arc length which is proportional to molecular weight,
and D is the curvilinear diffusion coefficient which depends on the molec-
ular weight and temperature.

In order to facilitate our analysis here, we will first consider the situation
of a single relaxation time, i.e.,, p = 1 in eq. (12). In this situation, egs. (10)
and (11) reduce to

G (w}\p)z

BT 1 1 (0Ap)? (14)
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and

"o L
Gr=17% (wA p)? 15
where A, is defined by eq. (13). According to the Doi—-Edwards theory*,
G, that appears in egs. (10) and (11) is proportional to the absolute tem-
perature T,

GQ = ClkT/Me 16)

where ¢, is a constant, % is the Boltzmann constant, and M, is the average
molecular weight between entanglement points. Note that G, is the plateau
modulus that depends on temperature but not on molecular weight, and
that the specific expression for G, would vary with the rheological model
chosen.

By eliminating wAp from egs. (14) and (15), we obtain

(GR*E + (GD? = Gy amn
or

(G - 0.5)% + (G'»? = (0.5)? 18)

Equation (17) gives the following relationships between G, and G%:

G Gy =01 -V1-4GH2)2 (19)
and
(i) Gy =1 + V1 - 4G'H2)/2 (20)

Note that, in order for eqs. (19) and (20) to have a physical significance,
G, must be smaller than 0.5. It can easily be shown that this restriction
is statisfied in the physical systems considered in Figures 1-22.

Figure 24 gives a schematic describing the relationship between G, and
G'; on the logarithmic scale. The following limiting cases of eq. (17) are of
practical interest here.

(1) In Region 1 (i.e., for wA << 1), from eqs. (14) and (15) we have

Gy = (G)? 21
(ii) In Region 3 (i.e., for wAp> > 1), from eqs. (14) and (15) we have
r=1-(GH? (22)
Note that Region 3 may not be reacheable experimentally.

(iii) In Region 2, we observe that the curve changes its direction at G
= G5 = 0.5. Indeed such behavior has been observed experimentally, as
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displayed in Figure 2. In order to facilitate our discussion here, let us define
the quantities ¢ and &” by

& =Gr- G« 23)

and

£ =G - GY% 29

Substituting egs. (23) and (24) into eq. (17), with the aid of the relationship,
Gy = Gy = G« = 0.5 that follows from egs. (19) and (20), we have

(g')Z — gll _ (gll)? (25)

For small values of £’ (i.e, near the turning point of the curve given in
Figure 24), eq. (25) reduces to

&)2 =¢" (26)
or
(G- 05) = (0.5 - G% 27)
Rewriting eq. (21) in terms of G’ and G*, we obtain
G' = (G"?/G, (28

Taking logarithms of both sides of eq. (28), we obtain

log G' = 2 log G" - log G, (29)
log Gy
A~
é%\ﬂ‘egion 3
~
=~ ~
~
~
~
= ~
~
R Region 2
| "
> log Gy
egion | G,=0.

Fig. 24. Schematic describing the relationship between G and G, given by eq. (17), on
logarithmic coordinates.
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It is clear from eq. (29) that log G’ is propertional to log G" with a slope
of 2. It is of special interest to note that the slope of the log G'~log G' plot
is independent of temperature. With G- defined by eq. (16), we observe in
eq. (29) that an increase of temperature from T, to 7, will shift the value
of log G’ by the amount log (T, /T,). More specifically, an increase of tem-
perature from 25.5 to 75°C for the linear PB-347L will shift the value of
log G’ by the amount 0.068 N/m? (see Fig. 4), and an increase of temperature
from 180 to 220°C for the LDPE-A will shift the value of log G’ by the
amount 0.0539 N/m? (see Fig. 20). Such an insignificant amount of shift
in log G' is not noticeable in the log G'-log G" plots. We now understand
the reason why log G’'-log G plots show correlations that are only slightly
sensitive to (or virtually independent of) temperature, as demonstrated in
Figures 4, 13, 20, 21, and 22.

Let us now consider the effect of molecular weight on the log G'-log G"
plot. According to eq. (16), G, does riot depend on molecular weight and
therefore the log G'-log G" plot [i.e., the use of eq. (3)] does not show
molecular weight dependence. It can be concluded therefore that for high
molecular weight polymers with narrow molecular weight distributions, log
G'-log G'" plots do not depend on their molecular weights. This now explains
why only a very weak dependence of molecular weight is seen in the log
G’-log G" plots displayed in Figures 2, 6, and 8.

It should be pointed out that egs. (3) and (17) are derived on the basis of
the assumption that relaxation times can be represented by the reptation
motion only. However, on the high frequency side (i.e., in the transition
region), the log G'-log G plot may depend on temperature and molecular
weight, as may be seen, for instance, in Figures 2 and 4. Therefore, in the
transition region, in addition to the reptation motion, the Rouse motion of
polymer chains between entanglement points may contribute to relaxation
times. Note that these two relaxation times have a different molecular
weight dependence, and {, defined in eq. (8) is not constant. In such in-
stances, the output variables (i.e., responses) G, and G} in oscillatory shear
flow can be represented in terms of the input variable o and relaxation
times by

G’R - F3(w 5 AD’ }\eq) = 3‘_3(‘97\0, €2) (30)
and
G% = Fy@;Ap, Ay) = F 4(wAp, £o) (31)
in which A, denotes the equilibrium time associated with the Rouse motion
of polymer chains, and {, = A4/Ap.
By eliminating wA , from egs. (30) and (31), we obtain
r = Fs(Gh L2) : (32)
Since £, is weakly dependent upon temperature, but strongly dependent

upon molecular weight, the log G'-log G'’ plot may show strong dependence
on molecular weight in the transition region.
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DISCUSSION

The log N,—log O3 Plot

We will now explain why log N, -log o, plots also show slight sensitivity
to a variation in temperature (see Fig. 20-22), using the same argument
as that used above in discussing oscillatory shear flow. In steady shear flow,
the output variables o, and N, can be related to the input variable ¥ by

Sl = 0'12/0'0 = Ul(x;y) (33)

and

Sz = Nl/o'o = Uz(l'y) (34)

in which A is a characteristic time of the fluid under test and o, is a quantity
that has the dimension of stress. Note that the functional form of U, in
eq. (33) and U, in eq. (34) depends on the choice of rheological model. There
are a number of rheological models suggested in the literature. In order to
demonstrate our basic idea, we will choose a relatively simple one, known
as the Zaremba-DeWitt model 45+

T+ MZ7/Dt) = 2nd (35)

where 7 and d are stress and rate-of-deformation tensors, respectively,
D/t is the Jaumann derivative, 7, is the zero-shear viscosity, and A is
the terminal relaxation time (i.e., the longest relaxation time observed in
mechanical measurements). It can be shown?® that, in steady shear flow,

eq. (35) gives:

_ on'y
T2 =T g2 (36)
and
_ 20,(\p)?
VUL 4+ )2 @7)
in which o, is defined by
oo = Mo/A (38)

The use of egs. (36) and (37) in eqs. (33) and (34) and elimination of Ay
from the resulting expressions yields

(81)? + (0.58;)? = 0.58, (39)

It is of great interest to note that the form of eq. (39) is identical to that
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of eq. (17), with S, being equivalent to G and 0.5S; being equivalent to
G5 Equation (39) gives the following relationships between S; and S,:

S, =1-V1 - 48,)? (40)
and
S, =1+ V1 - 4(S,)? (41)

for which the restriction S, < 0.5 must be satisfied.

It can be shown easily that, for small values of S, and S,, eq. (40) reduces
to

0.58; = (8,)? (42)
or
Nl = 2 (0'12)2/0'0 (43)

Note that the form of eq. (43) is identical to that of eq. (28) and, that the
log N,-log o, plot of eq. (43) gives a slope of 2.

At this juncture, it is worth elaborating on the physical significance of
o, defined in eq. (38), in conjunction with the use of eq. (43). According to
de Gennes,? o is the modulus of a polymeric liquid and may be expressed
as

Ty = CgT'/Me (44)

where ¢, is a constant, T, is the temperature, and M, represents the average
interval between entanglement points. Therefore, the log N;-log o, plot
of eq. (43), with the aid of eq. (44), will give a very weak dependence on
temperature, which indeed has been demonstrated in Figures 20-22. Ac-
cording to de Gennes,’! M, appearing in eq. (44) includes the effects of
entanglements between the molecules and therefore the use of eq. (44) in
eq. (43) reveals that log N, ~log o ;, plots will be independent of molecular
weight. These conclusions are exactly the same as those made above in
discussing the effect of temperature and molecular weight on log G'-log
G" plots for high molecular weight polymers.

It is of interest to observe that the data displayed in Figures 20-22 may
be represented by the following empirical expression:

N, = a(oyp)? (45)

with the value of & (i.e., the slope of the log N, -log o, plots) ranging from
1.55 to 1.80, which is independent of temperature within the range of tem-
perature tested (also, of course, within measurement errors). Note, however,
that the values of a and b appearing in eq. (45) seem to depend on the
molecular weight, molecular weight distribution, and the degree of side-
chain branching. As a matter of fact, Han and co-workers13151620-23 gnd
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White and co-workers?2¢ have reported experimental observations that
may also be represented by eq. (45).

The Cole-Cole Plot

It seems appropriate to discuss, at this juncture, the differences between
the log G'-log G plot and the Cole-Cole plot. In 1941, Cole and Cole#!
first used plots of the imaginary part €' of the complex dielectric constant
against the real part €, for a number of polar materials at various tem-
peratures. It should be pointed out that the Cole-Cole plot uses €’ as or-
dinate and € as abscissa in the ordinary coordinate system. They reported
that €€’ plots fell on a circular arc and that a different arc was found for
each temperature, with the shape of the circular arc varying with temper-
ature. v

It should be noted that, in general, G, depends on temperature and
molecular weight and the nature of the dependency is specified by the
molecular model chosen. For example, the modified Rouse model, which is
applicable to undiluted polymers having narrow molecular weight distri-
butions and molecular weights below about 20,000, gives?

G, = pRT/M (46)

in which p is the density, R is the universal gas constant, T is the absolute
temperature, and M is the molecular weight. In contrast, G, depends only
on temperature in the case of the Doi-Edwards theory [see eq. (16)].

For illustration purposes, let us consider the modified Rouse theory. It
is seen that eq. (18) represents a circle with its center at G, = 0.5 and
G’} = 0, and having a radius of 0.5. Let us examine how the temperaure
and molecular weight affect the size of the circular arc. For convenience,
let us define the folowing quantities:

G (T) = G(T)/Go(T,) 47

and
YH(T) = G'(T)/Go(T,) (48)

where T is a reference temperature. Note that Gy(T,) is defined by eq.
(46) with T' = T,. With the aid of eq. (1), we have

G(T)  G(T) Gu(Ty)

GHT) = G = Go(T) GoT) —

=, To
=(T) T (49)
and in a similar fashion, with the aid of eq. (2), we have

G'HT) = G4(D) % (50)
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Substitution of eqs. (49) and (50) into eq. (18) gives

Fyr 1T2 2 AV 112
{ R_2F01| + (@) —[2 TJ (51)

Note from eqs. (47) and (48) that the dependence of é'R and G’,’i on temper-
ature is just the same as the dependence of G’ and G" on temperature.
However, the dependence of G, and G, on temperture is not the same as
the dependence of G’ and G" on temperature. _ .

Equation (51) desceibes the explicit dependence of G, and G (and, thus,
of G’ and G") on temperature. If for example, the temperature is increased
from 180 to 220°C, with a reference temperature at 7,=180°C, eq. (51)
becomes

(G - 0.544)2 + (G})? = (0.554)2 (52)

The Cole-Cole plot of eq. (52) is given in Figure 25, showing a clear tem-
perature dependence with the diameter of the circle increased by 8.8%.
Figures 26-28 give plots of G" vs. G’ (i.e., Cole~Cole plots) for the three
LDPEs considered in Figures 20-22. It is seen that such plots show a strong
temperature dependence.

On the other hand, when eq. (52) is plotted on logarithmic graph paper,
temperature effect is very much suppressed as shown in Figure 29. Within
experimental error, such a small difference may not be distinguishable in
log G’ - log G" plots. Indeed, this has been the case, as demonstrated
experimentally in Figures 20-22.

Again, using the modified Rouse theory for illustration purposes, let us
examine the effect of molecular weight on G’ and G”. For convenience, let
us define the following quantities:

G = G'M)/Go(M,) (53)

and

HL(M) = G"(M)/Go(M,) (54)

in which M, is a reference molecular weight. Note that G,(M,) is defined
by eq. (46) with M =M,. With the aid of eq. (1), we have

GO GMy) _ & o M (55)
M,

Gr) = G M) G,0D

and in a similar fashion, with the aid of eq. (2), we have

x M
M) = GRMD M, (56)
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(2)
(n

ok > &k
Fig. 25. Cole-Cole plot of eq. (51): (1) T/T¢=1;(2) T/T;=1.088. The reference temperature

T, is 180°C.

Substitution of egs. (55) and (56) into eq. (18) gives

s, IM|° o= [1M, ]
[GR_ZM] + (G})? = oM 67

Equation (57) describes the explicit dependence of é}, and é’,’, (and thus of
G’ and G") on molecular weight.

With the choice of M,=>5000 as a reference molecular weight for illus-
tration purposes, the Cole—Cole plot of eq. (567) for M =500 is given in Figure

30, and the corresponding log G, =—1og G” plot is given in Flgure 31. It is

seen that molecular weight dependence is seen in the log G =—log G” plot

o
I

G” X IO_4(N/m2)

0.5

(oY A2 T T G A A S o o
0.0 0.5 1.0 1.5 2.0 2.5

¢'x 16 * (N/m2)
Fig. 26. Cole-Cole plot for LDPE-A at three different temperatures (°C): (©) 180; (A) 200;
(D) 220.
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Fig. 27. Cole-Cole plot for LDPE-B at three different temperatures. The symbols are the
same as in Figure 26.

as strongly as in the Cole—Cole plot. Note that this strong molecular weight
dependence in the Cole-Cole plot is due to the particular model (i.e., the
modified Rouse model) chosen for illustration purposes. If one adopts the
Doi-Edwards theory, there would be no molecular weight dependence in

the log 5',,—log 5’,’? plot since G, is independent of molecular weight.

B !
1.5
(:“ —_—
£ o
Z
Vv —
'o -
:o :
0.5
ool L L L 1ttt bttt g
0.0 0.5 [.O 1.5 2.0 2.5

6'x10 ¥ (N/m2)
Fig. 28. Cole-Cole plot for LDPE-C at three different temperatures. The symbols are the
same a8 in Figure 26.
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62 L L1 b il Ll Ll
162 6! i

[

Fig. 29. Logarithmic plot of eq. (51): (1) T/T,=1; (2) T/T,=1.088. The reference temper-
ature T, is 180°C.

CONCLUSIONS

Based on the experimental data presented and the theoretical analysis
carried out in this paper, we can conclude that the log G'-log G and log
N,-log o1, plots are very useful for investigating the elastic responses of
viscoelastic polymeric liquids, in particular bulk homopolymers. It is shown
that such plots give rise to correlations which are weakly sensitive to a
variation in temperature.

Using the Doi—Edwards theory as an example, we have shown that the
log G'-log G" plot shows little sensitivity to a variation in temperature.
We have also shown that the log G'-log G" plot becomes independent of

(2)

o
x,
9) —> Gg

0

Fig. 30. Cole-Cole plot of eq. (67): (1) My/M=1; (2) M,/M=10. The reference molecular
weight M, is 5000.
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) I [N L1 111
"k i® o

Zn
Gg

Fig. 31. Logarithmic plot of eq. (57): (1) M,/M =1; (2) M,/M =10. The reference molecular
weight M, is 5000.

molecular weight for high molecular weight polymers whose molecular
weights are greater than the average molecular spacing between entan-
glements M., i.e., when entanglement effects are important. We have shown
further, with the aid of molecular theories, that the log G’'-log G" plot
shows dependence on molecular weight distribution. Using the Zaremba-
DeWitt model as an example, we have explained why the log N,~log o,
plot gives rise to a correlation which becomes weakly sensitive to a variation
in temperature.

We wish to acknowledge that Dr. W. W. Graessley at Exxon Research and Engineering Co.
supplied us with the numerical data used in Figures 3, 4, 12, and 13, and Dr. J. Roovers of
the National Research Council of Canada supplied us with the numerical data used in Figures
14 and 15.
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